Abstract. We define mutation pair in a pseudo-triangulated category. We prove that under certain conditions, for a mutation pair in a pseudo-triangulated category, the corresponding quotient category carries a natural triangulated structure. This result unifies many previous constructions of quotient triangulated categories.
Introduction
Triangulated category was introduced by Grothendieck and later by Verdier in the sixties of last century. It is an important structure in both geometry and algebra. Quotient categories give a way to produce triangulated categories.
As shown by Happel [5] , if we are given an exact category (B, S) satisfying Frobenius condition, that is, (B, S) has enough S-injectives and enough S-projectives and the S-injectives coincide with the S-projectives, then the quotient category B/I carries a triangulated structure, where I is the full subcategory of S-injectives. Beligiannis [2] obtained a similar result by replacing B with a triangulated category C and replacing S with a proper class of triangles E. Based on [3] , Jørgensen [7] showed that if X is a functorially finite subcategory of a triangulated category C with Auslander-Reiten translation τ , and if τ X = X , then the quotient C/X is a triangulated category.
As a generalization of mutation of cluster tilting objects in cluster categories, Iyama and Yoshino [6] defined mutation pair in a triangulated category. They showed that if (Z, Z) is a D-mutation pair in a triangulated category C and Z is an extension-closed subcategory of C, where D ⊂ Z and D is rigid, then the quotient Z/D is a triangulated category. Recently Liu and Zhu [8] defined D-mutation pair in a right triangulated category, and got a similar result, which unifies the constructions of Iyama-Yoshino in [6] and Jørgensen in [7] .
To unify the constructions of quotient triangulated structures in [5] and [6] , Nakaoka [9] defined Frobenius condition on a pseudo-triangulated category, which is similar to that on an exact category, and constructed a quotient triangulated category. Pseudo-triangulated categories are a natural generalization of abelian categories and triangulated categories, whose right triangles and left triangles behave much better than those on pretriangulated categories. Unfortunetly Nakaoka pointed out that his construction cannot cover Beligiannis's result in [2] . (1) C is an abelian category if and only if Σ = Ω = 0.
(2) C is a triangulated category if and only if Σ is the quasi-inverse of Ω.
A morphism of extensions from ΩC
Note that ae = e ′ · Ωc is equivalent to Σa · h = h ′ c, thus a morphism of extensions is the same as a morphism in ✄ or ✁. (2) If C is abelian, then an extension is nothing other than a short exact sequence. (3) If C is a triangulated category, then an extension is nothing other than a distinguished triangle.
The following lemma will be frequently used in the next section.
such that the following diagram is commutative and the fourth column is an extension.
In the rest of this section, we give some properties on Σ-epic morphisms and Ω-monic morphisms in a pseudo-triangulated category C. (a) g is Σ-epic. (a) f is Ω-monic.
Proof. We only show (1) . ( Lemma 2.13. The following statements are equivalent. (
If f and g are Σ-epic, then so is h.
Proof. For (1) and (2) we see [9, Lemma 4.4] . Now prove (3).
where the middle two columns and middle two rows are right triangles. Since
′ is Σ-epic by definition, and there exists a right
13. By (RTR3) and Lemma 2.5 there exists an isomorphism n :
/ / ΣL According to Lemma 2.13 again, h is Σ-epic.
Main result
Let D be a subcategory of an additive category C. A morphism f : (2) For any Y ∈ Z, there exists an extension ΩY
h − → ΣX be an extension in C and X, Y, Z ∈ Z, we simply say the extension is in Z. Assumption 3.3. Assume that C is a pseudo-triangulated category satisfying the following conditions:
Remark 3.4. If C is a triangulated category, it is easy to see that Assumption 3.3 is trivial. If C is an abelian category, then g is epic so that cg = 0 implies that c = 0, thus we can take c ′ = 0 in (A1). Therefore, Assumption 3.3 is trivial for both triangulated category and abelian category.
From now on to the end of this section, we assume that C is a pseudo-triangulated category satisfying Assumption 3.3, and assume that (Z, Z) is a D-mutation pair.
Proof. Since f, f ′ are left D-approximations, we obtain the following commutative diagram
By Lemma 3.5, we get y ′ y = 1 Y . Similarly, we can show that yy
For any X ∈ Z, by definition of D-mutation pair, there exists an extension
f is a left Dapproximation and g is a right D-approximation. By Lemma 3.6, T X is unique up to isomorphism in the quotient category Z/D. So for any X ∈ Z, we fix an extension as above. For any x ∈ Z(X, X ′ ), Since f is a left D-approximation, we can complete the following commutative diagram:
We define a functor T : Z/D → Z/D by T (X) = T X on the objects X of Z/D and by T x = y on the morphisms x : X → X ′ of Z/D. By Lemma 3.5, T x is well defined and T is an additive functor. Sometimes we denote y by T x for convenience. 
We define the class of distinguished triangle △ as the sextuples which are isomorphic to standard triangles. 
Proof. By the definition of standard triangle and definition of the functor T we have the following commutative diagrams
By Lemma 3.5 we get T a · z = z ′ · c. Proof. We will check that the distinguished triangles in △ satisfy the axioms of triangulated category.
Since f is D-monic and Ω-monic, we get v ′ is D-monic, and v ′ is also Ω-monic by Lemma 2.14(2). Now there are three extensions ΩT X
− → ΣX. By Lemma 2.11, there exist g ′ ∈ C(Z, T X) and h ′ ∈ C(T X, ΣY ) such that the following diagram is commutative and the fourth column is an extension.
Since Y, T X ∈ Z and Z is extension-closed, we get Z ∈ Z. Thus X
be a distinguished triangle induced by the extension ΩZ
is a distinguished triangle induced by v. Since v is D-monic, there exists y : Y → D such that f = yv. Thus we have the following commutative diagram
where the fourth column is an extension. Note that z ′ is a pseudocokernel of a
′ is an isomorphism in Z/D, and the distinguished triangle (3.2) and (3.3) are isomorphic by Lemma 3.8. Now we can replace the triangle (3.2) with (3.3). According to the proof of (TR1), we get an extension 
To end the proof of (TR2) we only need to show that z ′ = −T v. The commutative diagram (3.1) implies the following commutative diagram
Composing the above two commutative diagrams, we obtain the following
where the rows are distinguished triangles. We may assume that v, v ′ are D-monic and the distinguished triangles are arising from the extensions ΩZ
Lemma 2.11, we get the following commutative diagram Proof. According to Theorem 3.10, we need to show that (B, B) is a I-mutation pair. In fact, for any X ∈ B, since B has enough S-injectives, there exists a short exact sequence 0 → X ) Let C be a triangulated category and E a proper class of triangles on C. An object I ∈ C is called E-injective, if for any distinguished triangle A → B → C → ΣA in E, the induced sequence 0 → C(C, I) → C(B, I) → C(A, I) → 0 is exact. Denote by I the full subcategory of E-injective objects of C. We say that C has enough E-injectives if for any object A ∈ C there exists a distinguished triangle A → I → C → ΣA in C with I ∈ I. If C has enough E-injectives and enough E-projectives and I = P, where P is the subcategory of E-projectives, then we can show that (C, C) is a I-mutation pair, thus C/I is a triangulated category by Theorem 3.10. We remark that C(I, ΣI) is not zero because I is closed under Σ. So (C, C) is not a I-mutation pair in the sense of Iyama-Yoshino. h − → ΣX be a triangle in C, then we can show that f is a left Xapproximation if and only if g is a right X -approximation (see [7, Lemma 2.2] ). Thus (C, C) is a X -mutation pair, and C/X is a triangulated category by Theorem 3.10. We remark that (C, C) may be not a X -mutation pair in the sense of IyamaYoshino. For example, if C is a cluster category, then C(X , ΣX ) is not zero. 
